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[1] Direct estimation of groundwater solute concentrations from geophysical tomograms
has been only moderately successful because (1) reconstructed tomograms are often
highly uncertain and subject to inversion artifacts, (2) the range of subsurface conditions
represented in data sets is incomplete because of the paucity of colocated well or core data
and aquifer heterogeneity, and (3) geophysical methods exhibit spatially variable
sensitivity. We show that electrical resistivity tomography (ERT) can be used to estimate
groundwater solute concentrations if a relation between concentration and inverted
resistivity is used to deal quantitatively with these issues. We use numerical simulation of
solute transport and electrical current flow to develop these relations, which we call
‘‘apparent’’ petrophysical relations. They provide the connection between concentration,
or local resistivity, and inverted resistivity, which is measured at the field scale based on
ERT for media containing ionic solute. The apparent petrophysical relations are applied to
tomograms of electrical resistivity obtained from field measurements of resistance from
cross-well ERT to create maps of tracer concentration. On the basis of synthetic and
field cases we demonstrate that tracer mass and concentration estimates obtained using
these apparent petrophysical relations are far better than those obtained using direct
application of Archie’s law applied to three-dimensional tomograms from ERT, which
gives severe underestimates.

Citation: Singha, K., and S. M. Gorelick (2006), Hydrogeophysical tracking of three-dimensional tracer migration: The concept and

application of apparent petrophysical relations, Water Resour. Res., 42, W06422, doi:10.1029/2005WR004568.

1. Introduction

[2] We use cross-well electrical resistivity tomography
(ERT) to estimate the distribution of electrical resistivity
(the reciprocal of electrical conductivity) in the subsurface.
Resistance data are collected by establishing an electrical
gradient between two source electrodes and measuring the
resultant potential distribution at two or more receiving
electrodes. This procedure is repeated for as many combi-
nations of source and receiver electrode positions as desired,
and usually involves the acquisition of many hundreds or
thousands of multielectrode combinations. Each measured
resistance is an average of the electrical properties of both
solids and liquids in the system [Keller and Frischknecht,
1966]. ERT is sensitive to changes in fluid electrical
conductivity and water content [e.g., Binley et al., 2002;
Yeh et al., 2002], and has been successfully used to map
subsurface transport of conductive tracers [e.g., Slater et al.,
2000; Kemna et al., 2002; Slater et al., 2002; Singha and
Gorelick, 2005].
[3] Geophysical tomographic images often have limited

utility for accurately estimating hydrogeologic property

values not only because the properties measured in a
geophysical survey, e.g., electrical conductivity, dielectric
permittivity, or seismic velocity, are often not directly
related to the aquifer or groundwater properties of interest,
but because the geophysical methods have spatially variable
sensitivity and produce inverted results with spatially var-
iable resolution. Empirical petrophysical relations, such as
Archie’s law [Archie, 1942], are often used to connect the
geophysical parameter values measured in the field to
properties such as water content or tracer concentration.
One difficulty with this type of petrophysical translation of
geophysical measurements into aquifer or water property
values is that the support volume and spatially variable
sensitivity of the geophysical measurements are often
neglected. Petrophysical relations based on data from a set
of wells or cores are most certain near the location where
the data were collected. As we move away from the data
collection locations into the aquifer, it is more likely that the
petrophysical model no longer applies because the under-
lying processes controlling the physics result in a dimin-
ished signal. In particular, geologic heterogeneity, the
sensitivity of the geophysical methods, and the effects of
image reconstruction enhance the spatial dependence of the
petrophysical relation. To overcome these difficulties inher-
ent in the use of geophysical tomography, we develop
‘‘apparent’’ petrophysical relations. Apparent petrophysical
relations describe the relation between local-scale concen-
trations and the inverted resistivities from tomographic
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reconstruction. These apparent petrophysical relations are
specific to the layout and geometry of data collection,
errors, and physics involved. Application of these apparent
petrophysical relations to field tomograms allows for better
estimates of tracer concentration. Day-Lewis et al. [2005]
indicate that there is spatially variable resolution with cross-
well electrical measurements that must be considered to
accurately estimate state variables from tomographic
images, and Yeh et al. [2002] and Ramirez et al. [2005]
have looked at stochastic inversion methods to quantify the
uncertainty and variability in ERT inversion. Other methods
for estimating aquifer properties have recently appeared in
the literature; recent work by Vanderborght et al. [2005]
have used equivalent advection-dispersion equations and
stream tube models to quantify breakthrough curves from
synthetic 2-D ERT inversions for estimating hydraulic
conductivity and local-scale dispersivity values.
[4] Recent work by Singha and Moysey [2005] and

Moysey et al. [2005] has provided a numerical simulation
framework for handling the spatial variability in resolution
in geophysical surveys and the averaging of heterogeneity
from measurements. Simulations based on multiple realiza-
tions of hydraulic conductivity are used to expand the small
data sets collected in the field into a comprehensive ‘‘data-
base’’ that is more representative of the geologic heteroge-
neity expected in an aquifer. In 2-D synthetic examples,
they created multiple realizations of the state variable, either
water content or tracer concentrations, and simulated the
radar traveltimes or electrical resistances that would be
measured in each realization. These ‘‘data’’ were then
inverted to produce a map of radar velocities or electrical
resistivities that correspond to each water content or con-
centration realization. By considering all realizations at
once, they built calibration curves that greatly improve the
estimation of state variables from 2-D synthetic tomograms.
Although these works are promising, neither considers field
data, and the examples were based on realizations of a 2-D
synthetic system considering only a single time, or snap-
shot, and consequently, a temporally invariant relation
between dielectric permittivity and water content or electri-
cal resistivity and tracer concentration.
[5] The use of apparent petrophysical relations encom-

passes a larger issue: quantifying the filter imposed by the
geophysical method. To quantitatively use tomographic data,
we need to be able tomodel how geophysicalmethods sample
the subsurface and how parameterization and regularization
used in tomographic inversion impacts the estimated image.
Recent work by Day-Lewis et al. [2005] provide an analytic
approach for doing this, however it is limited by the use of a
covariance model of spatial variability.
[6] The contribution of this work is an improved ap-

proach to estimating state variables for 3-D transient solute
transport studies. It involves both synthetic and field data in
which solute concentrations are estimated from electrical
resistivity tomography (ERT) data. By considering spatially
variable apparent petrophysical relations, we build a func-
tional ‘‘geophysical filter’’ that converts the inverted geo-
physical quantity (resistivity) into the fluid property value of
interest (concentration). Key to the approach is the apparent
petrophysical relation. Each such relation allows us to
estimate a local concentration in the aquifer from electrical
resistivity given by the tomogram.

[7] The method described here is process based, employ-
ing simulation models of solute transport and electrical
current through saturated porous media. We provide some
examples that delimit when the application of apparent
petrophysical relations is most useful, and we demonstrate
an approach that is computationally efficient in 3-D: we
show that multiple hydraulic conductivity realizations are
not always needed for estimation of concentrations with this
approach. Rather simulations based on the effective hydrau-
lic conductivity and merely two realizations with different
simulated source concentrations are all that is required for
specific 3-D scenarios. Our approach using apparent petro-
physical relations better estimates tracer concentrations with
time lapse ERT than applying Archie’s law directly to field
tomograms.

2. What Is an Apparent Petrophysical Relation?

[8] Electrical resistance data collected in field settings are
typically inverted to create tomograms, or maps of electrical
resistivity. Values from an inverted resistivity map differ
from the ‘‘true’’ field resistivities. The ‘‘true’’ resistivity is a
small-scale value, which we refer to as local resistivity, and
is the value of resistivity one would measure if the appro-
priate volume of rock and water could be removed from the
subsurface intact, with appropriate boundary conditions,
given the key processes to be studied. The local resistivity
in this work is defined as the resistivity at the voxel scale,
which is a function of the average solute concentration in
that voxel. The local resistivity value differs from that given
by inversion of the ERT data collected at the field scale
because (1) reconstructed tomograms are often highly
uncertain and subject to inversion artifacts, and (2) electrical
methods exhibit spatially variable sensitivity; the current
density, which defines the sensitivity, diminishes with
distance from the source electrode. In addition, the path of
the current depends on the electrical resistivity structure of
the subsurface as the conductive target migrates with time
during a tracer test [Singha and Gorelick, 2006]. Conse-
quently, the relation that translates local concentration into
inverted resistivity will be spatiotemporally variable. We
define the connection between the concentration and the
inverted resistivity in each voxel as an apparent petrophys-
ical relation. Any petrophysical relation that does not
account for diminished measurement sensitivity with dis-
tance from the electrodes and the impact of tomographic
reconstruction will not provide accurate estimates of a state
variable. Through numerical analogs, we create an extended
database of apparent petrophysical relations between con-
centration and inverted resistivities at each location in space
and time.
[9] We suggest the use of an apparent petrophysical

relation to quantify the conversion between local concen-
tration and inverted resistivity values at each location. The
relation accounts for the effects of regularization (e.g.,
smoothing) from inversion on the inverted resistivity as
well as the ability of ERT to resolve a target. We build the
apparent petrophysical relations between local concentra-
tion and inverted resistivity through all time and space using
simulations of solute transport and electrical flow. By
considering multiple realizations, a relation, which is linear
in this work, is estimated between the concentration and
inverted resistivity at each voxel at each time. These
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relations can then be used with field ERT inversions to
estimate spatially exhaustive concentration values.
[10] Reconstruction of an electrically conductive targetwill

be better near the electrode locations, and poorer away from
the electrodes. Consequently, the relation between concentra-
tion and inverted resistivity becomes weaker with increasing
distance from the electrodes because the concentrations
change greatly compared to the inverted resistivities; as the
sensitivity of ERT decreases away from the electrodes, the
ability to resolve targets also decreases, and estimated resis-
tivities in the center of the array may be more similar to the
background resistivity. Consequently, the slope and intercept
of the relation between the concentration and inverted resis-
tivity will change with distance from the electrodes.
[11] Although the empirical relation between electrical

resistivity and concentration has been shown to be linear for
low salinities [e.g., Keller and Frischknecht, 1966], the
relation between local concentration and inverted resistivity
need not be linear. Despite this, we employ a linear apparent
petrophysical relation in this work. This choice was based on
observed linearity between concentration and inverted resis-
tivities at each location and mathematical simplicity. How-
ever,we note that there is nothing explicitly physical about the
use of a linear correlation model in this estimation procedure,
and other representations, such as probability density func-
tions, may prove to be a better way to describe the relation
between concentration and inverted resistivity at any voxel.
[12] The collection of paired concentrations and inverted

resistivities on a cell-by-cell basis yields an expanded
‘‘database’’ of linear apparent petrophysical relations. Given
a resistivity tomogram from inversion of field ERT data, we
use that database of apparent petrophysical relations in a
predictive manner to estimate the tracer concentration at
each location and time. This approach to rock physics can
account for the complex physical, geological, and process-
ing effects inherent in electrical tomograms in 3-D field
studies. In many field studies, rock physics relations are
developed using colocated data at boreholes; unfortunately,
those limited data are biased given that ERT sensitivity is
best there. By using an expanded database and integrating
knowledge of spatial variability in the physics underlying
the geophysical method and the effects of regularization, we
overcome this issue and produce better estimates of tracer
concentrations than those traditionally obtained.
[13] To build the apparent petrophysical relations, two

things are required: (1) a notable difference in concentration
between a series of two or more realizations and (2) a
subsequent difference in inverted resistivities at the same
location. If all realizations produced the same concentration
value at every voxel, then no relation, linear or otherwise,
would exist. The differences in concentration between the
realizations can be obtained by varying uncertain system
values (e.g., hydraulic parameters, source concentrations),
although the goal is to quantify spatially variable resolution,
so these realizations can be built in any appropriate manner.
Minimally, two realizations are needed to quantify the
apparent petrophysical relation at each voxel if a linear
relation is assumed.

3. Estimation Procedure

[14] The goal of our approach is to estimate concentra-
tions from tomograms of resistivities obtained from inver-

sion of ERT data. To demonstrate the approach, we present
the results of two cases, one synthetic and one from field
data. In the case of the synthetic model, the entire 3-D map
of concentration is known, whereas at the field site, con-
centration measurements were collected at a centrally
located multilevel sampler and a pumping well. As shown
in previous work, the best fit relation between the concen-
tration and inverted resistivities from ERT is not the
empirical petrophysical relation, but a spatially variable
relation [Singha and Gorelick, 2006], here taken to be the
apparent petrophysical relation. Here, we compare the
concentrations derived from electrical resistivity tomograms
using the apparent petrophysical relations to those estimated
from direct application of Archie’s law. The degree to which
the two sets of concentrations differ informs us about the
geophysical filter that relates the local to the inverted state
variable, resistivity.
[15] The central feature of our approach is construction of

the apparent petrophysical relation database. A general
outline of the estimation procedure is described below,
modified from the procedure used for a 2-D synthetic radar
case of Moysey et al. [2005], and shown in Figure 1.
[16] 1. The first step is flow and transport forward

modeling. In the first step, we simulate multiple realizations
of the tracer concentration. To create these realizations, we
simulate groundwater flow and then advective-dispersive
transport, and observe variations in concentration. The
choice of the number of realizations used, or how the
variability in concentration is produced, will be dependent
on the field setting considered. There are few limits on the
prior data that can be used to reasonably create variations in
concentration. We suggest that known features, such as the
field geometry during a field experiment, should be con-
sidered known.
[17] 2. The second step is application of an empirical

petrophysical model. Each tracer concentration realization is
transformed into a local electrical resistivity realization
using Archie’s law

rb ¼ F � rf ; ð1Þ

where rb is the local bulk electrical resistivity in ohm-m, rf
is the fluid electrical resistivity in ohm-m, and F is the
unitless formation factor. Resistivity is the inverse of
electrical conductivity, which is proportional to solute
concentration. Any particular synthetic concentration within
a voxel represents the local value, and the use of the
experimental petrophysical model (i.e., Archie’s law) is
justified at the local scale. If the formation factor is
unknown, this can be explored parametrically to create
multiple series of local resistivity maps from one series of
concentration realizations.
[18] 3. The third steps is geophysical forward modeling.

A synthetic analog to the ERT experiment conducted in the
field is performed on the local resistivity realizations from
step 2, thereby creating multiple sets of synthetic resistance
measurements. Electrical forward modeling should parallel
as closely as possible the actual field experiment in both
experimental design and representation of the relevant
physical processes.
[19] 4. The fourth step is geophysical inverse modeling.

The synthetic resistance measurements obtained via forward
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modeling in the previous step are then inverted for each
realization. The inversion of the resistances into resistivity
tomograms mimics the inversion of the field ERT data,
including the parameterization and selection of regulariza-
tion criteria. The goal is to closely approximate the process-
ing and inversion steps that have been applied to the field
ERT data.
[20] 5. The fifth step is nonstationary estimation. Finally,

we use the concentration realizations from step 1 and the
subsequent inverted electrical resistivity tomograms from
step 4 to calculate the apparent petrophysical relations at
every location in space for each snapshot when ERT was
conducted in the field. We produce paired sets of concen-
tration and inverted resistivity values at each time and space
location: the apparent petrophysical relations. This set of
linear relations is then used to convert the resistivities from
the ERT tomogram collected in the field to concentrations at
any location and time. Throughout the remainder of this
paper we will refer to steps 1–5 simply as ‘‘nonstationary
estimation.’’
[21] We emphasize that physical processes are incorpo-

rated into the procedure using three numerical models and
one empirical petrophysical relation: flow and transport
models are used to generate the concentration maps, an
ERT numerical model of current flow is used to produce
forward model resistances, and an empirical petrophysical

relation (Archie’s law) is used to map concentrations cell-
by-cell into local-scale electrical resistivities used in the
forward electrical modeling.

4. Calculation of Apparent Petrophysical
Relations for a Simple Synthetic Example

[22] In this section we present a 3-D synthetic study in
which ERT is used to monitor the migration of a saline
tracer through the subsurface. For the synthetic case de-
scribed here, a reference concentration map was simulated
using a flow and transport model as described below. We
develop the voxel map of apparent petrophysical relations to
convert the inverted resistivity tomogram for each snapshot
into concentration. The concentrations from this nonstation-
ary estimation process, based on the apparent resistivity
relations and Archie’s law, were then compared to concen-
trations estimated using the direct application of Archie’s
law to the tomograms. We also estimate the tracer mass
from the ERT using a modified spatial moment approach, as
outlined by Singha and Gorelick [2005]. We compare the
zeroth moment of the concentrations from nonstationary
estimation to that obtained from application of Archie’s law
to the inverted resistivities as well as the known simulated
mass. The goal of the experiment is to accurately reproduce
the tracer plume location and concentrations.

Figure 1. Flowchart of nonstationary estimation. Realizations of subsurface concentration are created
by flow and transport simulation through multiple hydraulic conductivity maps. The concentration
realizations are then converted to electrical resistivity through Archie’s law. Following this step, forward
and inverse ERT simulation, using the data collection geometry and parameterization used for the field
data, is performed. By considering multiple realizations a relation between concentration and inverted
resistivity can be built at each voxel, therefore accounting for the spatial variability in the measurement
physics and regularization. These relations are applied to a field ERT inversion for a better estimation of
concentration than otherwise attainable. Estimation is performed in 3-D but shown in 2-D here.
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4.1. Construction of the Reference Concentration Map

[23] The reference concentration map was simulated by
considering transport through 3-D hydraulic conductivities
generated using SGSIM [Deutsch and Journel, 1992]. The
random hydraulic conductivities were Gaussian, and the
mapped values were based on a spherical variogram with a
horizontal range in both the x and y directions of 5.1 m and
a vertical range of 0.9 m. Hydraulic conductivity is assumed
to be lognormal, with a mean of 115 m/day and a variance
of ln(K) of 1. The aquifer thickness is 35 m. Steady state,
3-D, unconfined aquifer flow simulation usedMODFLOW-96
[Harbaugh and McDonald, 1996], with a voxel discretization
of 0.5 m on a side in the area of interest. The boundary
conditions on the bottom of the 3-D mesh and two of the
vertical faces of the mesh are zero gradient, and an ambient
regional hydraulic gradient of 0.001 is set by establishing
fixed head boundaries on the other two vertical faces. The
effective porosity is 0.35 and the water table is 5.5 m below
land surface. An injection and a pumping well are set 10 m
apart along the direction of the ambient gradient. An injection
rate of 13 L/min and an extraction rate of 39 L/min were
used.
[24] After solving for hydraulic heads, transport simula-

tion using MT3DMS [Zheng and Wang, 1999] was con-
ducted using the same grid. The transport model simulated
the injection of a 2,100 mg/L conservative tracer for 9 hours
introduced 14.75–16.25 m below the surface, followed by
the injection of water with a background concentration,
60 mg/L. Fixed concentration boundaries equal to 60 mg/L
were placed �100 m from the small subdomain where
changes in concentration associated with the tracer test
occur. The total extent of the grid covered 270 m in the
lateral directions and 160 m in depth. A single time, 6 days
after the tracer injection was completed, was considered for
the ERT imaging experiment.
[25] After transforming the simulated fluid concentrations

in each of the voxels for each snapshot to local resistivity
through Archie’s law, we simulated the ERT field experi-
ment using a forward electrical flow model using a finite
element code (Binley, personal communication, 2006). The
resistance data were then inverted to yield the resistivity map
imaged by ERT given a stopping criterion based on forward
model errors of 2%. The snapshot tomogram is a facsimile of
the one that would be obtained from a field application of
ERT. The final step is to convert this tomogram into a
concentration map. The concentrations are estimated from
the inverted resistivity tomogram using two different
approaches: (1) Archie’s law alone and (2) nonstationary
estimation with Archie’s law as described below.

4.2. Generation of Concentration Realizations and
Local Resistivities for Nonstationary Estimation

[26] In this example, the concentration realizations, like
the reference concentration map, are obtained using flow
and transport simulation. The realizations used for nonsta-
tionary estimation are created, in this case, by using the
same geostatistical, flow, and transport model parameters
as well as boundary conditions as in the previous section.
In this case, however, 50 unconditional realizations are
developed.
[27] The tracer concentrations were converted to local

fluid conductivities (1/resistivity) where 1000 mg/L equals

2000 mS/cm as approximated by Keller and Frischknecht
[1966]. The fluid conductivity was converted to local bulk
conductivity based on Archie’s law with a formation factor
of 5, and then simply converted to local bulk resistivity.
These local bulk resistivities are used in the forward
geophysical model.
[28] To demonstrate the nonstationary estimation method

for ERT, we selected the concentration distribution on Day
6 after injection for the hypothetical ERT imaging experi-
ment. The choice of day used is not important; in this case
we chose a time when the tracer plume was centered
between the injection and pumping wells.

4.3. Geophysical Forward and Inverse Modeling

[29] Two ERT wells are used for this test. Each is
instrumented with 24 electrodes with 1-m electrode spacing.
We use a 3-D ERT finite element forward model to detect
the tracer plume in 3-D. For the ERT simulations, a
nonuniform grid of 50 � 42 � 61 elements was used; our
analysis, however, is only focused on the interior of the ERT
mesh where the cells are regularly spaced at 0.5 m on a side,
which corresponds to the flow and transport mesh in the
window area. No-flow boundaries are placed 100 m from
the subgrid of interest in each direction. 777 synthetic
resistance measurements are collected using an alternating
dipole-dipole configuration where each electrode of the
current and potential dipoles were in the same well and
also split between two wells. The dipole length varied from
1 m to 6 m.
[30] Inverting for the distribution of subsurface resistivity

based on measured resistances at ERT wells is a highly
nonlinear problem because the current paths through the
medium are dependent on the resistivity of the medium.
Because of this nonlinearity, this problem is solved using
iterative inversion [Tripp et al., 1984; Daily and Owen,
1991]. The roughness matrix used in the ERT model
regularization is a discretized 3-D second derivative oper-
ator. The ERT inversion routine used for this work is based
on Occam’s approach [Constable et al., 1987; de Groot-
Hedlin and Constable, 1990; LaBrecque et al., 1996], and
the 777 resistance measurements are inverted without noise
added in this synthetic example.

4.4. Nonstationary Estimation

[31] At each location in the model as defined by each
voxel, a unique linear relation between the local concentra-
tion and inverted resistivity was fit from the 50 realizations.
Each of the 42,200 apparent petrophysical relations was
assumed linear and R2 values ranged from 0 in areas outside
of the simulated tracer plumes, where no apparent petro-
physical relation exists, to 0.66. Each voxel apparent
petrophysical relation has a unique slope and intercept that
when used with Archie’s law, were used to convert the
inverted resistivities associated with the reference concen-
tration map to an estimate of concentration in each voxel.

5. Results 1: Three-Dimensional Synthetic
Estimation

5.1. Comparison Between Archie’s Law–Estimated
and Simulated Concentrations

[32] The reference concentration map is shown in
Figure 2a. Comparing this map to the estimate of concen-
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